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Abstract— Model-based trajectory optimization often fails to
find a reference trajectory for under-actuated bipedal robots
performing highly-dynamic, contact-rich tasks in the real world
due to inaccurate physical models. In this paper, we propose a
complete system that automatically designs a reference trajectory that succeeds on tasks in the real world with a very small
number of real world experiments. We adopt existing system
identification techniques and show that, with appropriate model
parameterization and control optimization, an iterative system
identification framework can be effective for designing reference
trajectories. We focus on a set of tasks that leverage the
momentum transfer strategy to rapidly change the wholebody from an initial configuration to a target configuration
by generating large accelerations at the center of mass and
switching contacts.

I. I NTRODUCTION
A classical approach to optimal control problems in
robotics is to compute a reference trajectory offline (e.g. via
Differential Dynamic Programming) and then derive a local
feedback control of perturbations (e.g. Linear-QuadraticGaussian control) around the reference trajectory. Unfortunately, when executing the reference trajectory on robotic
hardware, this type of model-based approach tends to fail
due to modeling assumptions and parameter settings. Various
methods have been proposed to mitigate the issues of model
inconsistency in order to transfer the model-based reference
trajectories to the real world [1]–[4].
However, for an under-actuated biped performing a highlydynamic task involving contact switches, the problems due
to model inconsistency can be greatly amplified. Large body
accelerations can magnify inaccurate inertia parameters,
leading to an unstable reference trajectory beyond the range
of perturbation recoverable by the feedback control. To make
matters worse, the under-actuated system imposes NewtonEuler constraints on the optimal control problem while
contact switches break the control space into fragmented
feasible regions. As a result, a small modeling error can
generate bifurcated consequences. For tasks with the above
mentioned characteristics, manually designing a reference
trajectory that succeeds in the real world is exceedingly
challenging.
Classical system identification provides a framework to
address the general problem of model inconsistency. Given
an initial physical model, an optimal control policy is learned
and applied to the hardware. If the results are different from
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those predicted by the current model, data are collected and
used to improve the model. In this paper, we adopt existing
system identification techniques and show that, with appropriate choices of model parameterization and control optimization methods, the iterative system identification framework can be effective for designing reference trajectories
for highly dynamic, contact-rich tasks performed by underactuated bipeds. Specifically, we propose a complete system
that automatically designs reference trajectories that succeed
in real world tasks after a very small number of real world
experiments. Our system consists of three main components:
a physical simulator that simulates the dynamics of the
robot and its interaction with the environments, a trajectory
optimization algorithm that searches for the optimal reference
trajectory in the simulation, and a simulation calibration
process to overcome the issues of model inconsistency.
System identification in last decades has focused on identifying parametric or non-parametric models for relatively
simple dynamic systems. Widely used models include state
transition functions [5], linear models [5], Gaussian processes [6], [7], and differential equations [8], [9]. However, it is challenging to employ these models to control
a high dimensional humanoid robot to perform highlydynamic tasks in contact-rich environments because classical
system identification methods would require prohibitively
large amount of data. In contrast, fewer studies have been
conducted to identify parameters for modern physical simulators, such as DART [10] and Mujoco [11]. These simulators
solve the governing differential equations with the linearcomplementarity-program (LCP) contact model to accurately
simulate high-dimensional dynamics and discontinuous contact forces. They provide a good model parameterization but
leave many (simulation) parameters unidentified. In this paper, we use DART as the simulator and apply our simulation
calibration algorithm to identify model parameters.
As a proof of concept, we focus on a set of tasks that
rapidly change whole-body from an initial configuration to
a target configuration by generating large acceleration at
the center of mass and switching contacts. These transition
tasks involve a control strategy called the momentum transfer
strategy [12], in which rapid movements are used to maintain
balance even when the center of mass is outside of the
support polygon. For example, the stand-to-handstand task
takes less than one second for our humanoid to complete.
II. R ELATED W ORK
Transitioning a bipedal robot from the current pose to
the target pose using a momentum strategy involves whole-

body acceleration and balance during the motion. Some of
transition tasks are extensively studied in robotics, including
sit-to-stand [13]–[16] and lie-to-stand [17]–[20]. While many
of these prior techniques developed control methods for
a specific motion, a few research groups proposed more
generic solutions to handle a wider range of transition tasks.
Jones [21] developed rising motions for both biped and
quadruped using pose tracking, orientation correction and
virtual force. Lin and Huang [22] used motion planning and
dynamic filtering to develop rising up motions from various
initial lying poses. Tassa et al. [23] used Model Predictive
Control to synthesize complex behaviors, including getting
up from an arbitrary pose on the ground. Successful results
were demonstrated in simulation, but not on robot hardware.
In this paper, we aim to develop a general method for a
variety of transition tasks and demonstrate that the control
policies learned in the simulation can be transferred to the
real world.
A controller that is optimized in simulation may not
work in the real environment due to model inconsistency,
also known as the Reality Gap. One way to overcome this
problem is to apply system identification which calibrates
the physical model using the robot’s performance data.
In practice, system identification is often interleaved with
controller optimization to minimize the number of required
robot experiments [5], [24]. System identification optimizes
the model parameters given a model parameterization. Some
widely-used models, such as linear dynamics model and
Gaussian processes were proven effective for continuous
dynamics and relatively simple control tasks, but it is not
clear whether they can be successful for a dynamic system
involving discontinuous contact forces.

Fig. 1.

Overview of our algorithm.

III. OVERVIEW
We have developed a system that can automatically design
reference trajectories for robots to execute transition motions
(Figure 1). Given the specification of the robot, including its
body shape, the physical properties of each body, and the
types of joints, we build a physical simulation using DART.
The trajectory optimization subsystem runs thousands of simulations to search for the optimal trajectory that maximizes
the task-related fitness function. We then test this optimal
trajectory on the robot. If the robot successfully completes
the task, a solution is found and our algorithm terminates.
Otherwise, we record the robot performance data and feed
it into the simulation calibration subsystem. Simulation calibration runs another optimization, which searches for the
optimal simulation parameters to minimize the discrepancy
between the performance of the robot in the simulation
and in the real world. The loop of trajectory optimization
and simulation calibration is performed iteratively until the
reference trajectory works successfully on the real robot. In
the next three sections, we will present the algorithmic details
of these components.
IV. P HYSICAL S IMULATION

Modern physical simulators [25] solve the governing dynamics equation with LCP constraints to accurately model
contacts. With the aid of these simulators, model-based approaches can effectively control humanoid robots in contact
rich scenarios [26], [27]. However, system identification for
these modern physical simulators has not been extensively
studied [28]. When applying system identification for tasks
with frequent contact changes, the process usually requires
specially designed robot experiments independent of the
control tasks of interest because the model parameters can be
inferred more accurately from a contact-free behavior [28].
As a result, a large amount of data are needed for system
identification, in the hope that the collected data cover
the important and relevant regions of the control space. In
contrast, our system tightly couples simulation calibration
and trajectory optimization. The current reference trajectory
that is optimized in the simulation is used as the experiment for system identification. Using Covariance Matrix
Adaptation (CMA) [29], we are able to estimate parameters
with frequent contact changes in the experiments. CMA is a
stochastic sampling-based optimization algorithm, which has
been successfully applied to search for control parameters
when the problem domain is highly discontinuous [30]–[32].

A. Dynamics Equation
We model the robot as an articulated rigid body system in
our simulator, which satisfies the following dynamics equations, non-penetration and linear complementarity conditions
for contact points.
M(q)q̈ + C(q, q̇) = τ + J(q)T f

(1)

d(q) ≥ 0
d(q)T f = 0
f ∈K
where M(q) is the mass matrix and C(q, q̇) is the Coriolis
and Centrifugal force. τ are joint torques exerted by the
actuators. An actuator model that computes τ based on the
current state and a reference pose is presented in the next
section. J(q) is the Jacobian matrix and f is the contact
force. d(q) is the distance of the contact to the ground and
K is the friction cone. We use DART to solve the above
equations to simulate the dynamics of the robot.
B. Actuator Model
A realistic robot simulation relies heavily on an accurate
actuator model. A common practice is to set the same PID

pose q̄(T ) are given as input. The goal of this optimization
is to compute a reference trajectory q̄(t) so that the robot can
move from the initial to the final pose without losing balance.
We purposefully choose to control the robot with only openloop reference trajectories1 , which produces control signal
q̄(t) as a function of time t independent of the states of the
robot. Using only the open-loop reference trajectory, we can
better evaluate our system during the simulation calibration
process, because the accuracy of the simulation becomes
more critical if no feedback balance control is involved.
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Fig. 2. The trajectories of the reference (blue) and the measured (green)
joint angle for acutator identification.

gains in the simulation as those in the servo. However,
Dynamixel AX-18 servos, used on our robot (ROBOTIS
BIOLOID GP), do not support PID control. Although the
servo can track an input reference angle q̄, the relation
between the joint error q̄ − q and the output torque τ is
unclear. We derive an actuator model based on the ideal DC
motor assumption and the specification of the servo:
τ = −kp (q − q̄) − kd q̇ − kc sgn(q̇)

(2)

where kp , kd and kc are the actuator gains. The detailed
derivation of the actuator model (eq. (2)) can be found in
the Appendix.
Accurately identifying these gains would require a large
number of carefully designed experiments to be run on each
of the actuators. In contrast, we choose to run only one
simple experiment on one actuator. This simple experiment
gives us an initial guess of the gains. We then rely on
simulation calibration to refine this estimate.
In this experiment, we clamp the entire robot on a table
except for the left foot. We then send a periodic reference
joint angle q̄(t) that oscillates between two extreme angles
(blue curve in Figure 2) to the servo at the left ankle. We
record the trajectory of the actual joint angle q(t) throughout
the experiment (green curve in Figure 2).
Given q(t) and q̄(t), we apply regression to estimate the
actuator gains:
Z
min
||I q̈(t)+kp (q(t)−q̄(t))+kd q̇(t)+kc sgn(q̇(t))||2 dt
kp ,kd ,kc

where I is the moment of inertia of the foot with respect to
the rotating axis. The above equation is derived by plugging
into τ = I q̈ + I˙q̇ and the fact that I˙q̇ = 0 because the
foot is a rigid body that rotates along a fixed axis. Our
experiments and computation show that the actuator gains
are kp = 9.272(N · m/rad), kd = 0.3069(N · m · s/rad),
and kc = 0.03(N · m).
V. T RAJECTORY O PTIMIZATION
Given the physical simulator, we can design controllers
to enable the robot to achieve various transition tasks in the
simulated environment. The four tasks that we use to test
our system are: rising from a sitting, leaning or kneeling
position and flipping towards a handstand position (Figures
3, 4, 6 and 7). For each task, the initial pose q̄(0) and the final

A. Trajectory Parameterization
We parameterize the reference trajectory q̄(t) with a sparse
set of keyframes {q̄i }i=0...n at time {ti }i=0...n , where the
first q̄0 and last keyframes q̄n are given, but the final
time T , which equals tn , is optimized. The optimization
searches for both the joint configuration and the time of
each keyframe and the reference trajectory is the linear
interpolation between the keyframes. In our implementation,
the number of keyframes n+1 is fixed and manually specified
by the user, although it is possible to incorporate it in an
outer-loop optimization.
B. Fitness Function
The criterion of success for all the tasks is whether
the robot remains stably upright (or upside down in the
last task) at the end of its motion. We use the following
fitness function to reward the trajectories that keep the robot
balanced throughout the entire motion.
Z T +1
1
{q̄i }i=1...n−1 , {ti }i=1...n = argmax
dt
|α(t)| + 
0
(3)
where α is the angle between the up direction in the local
frame of the robot’s torso and the up (or down in the last task)
direction in the global frame. It measures how far the robot
is from losing its balance.  is a small positive number to
prevent the denominator from being zero. We choose  = 0.1
in all of our tasks. T (same as tn ) is the time when the
robot reaches the final pose. Note that the upper limit of the
integration is T + 1. The extra one second is to wait for the
robot to settle down. We use the time horizon T + 1 because
it is still possible for the robot to fall while settling down.
The fitness function will penalize if this situation occurs.
C. Optimization with CMA
During the transition motion, discrete contact events can
happen frequently. They impose additional challenges for
the continuous optimization algorithms that rely on gradient
information. To overcome this challenge, we apply a samplebased stochastic optimization algorithm, CMA, to optimize
the reference trajectory. CMA does not need gradient information and can explore multiple local minima. This makes
it ideal for optimizing open loop trajectories or feedback
controllers for transition tasks. For the completeness of the
1 The internal feedback loop in the actuators still exist but we do not alter
this feedback loop in our trajectory optimization.

paper, we will briefly describe the CMA algorithm here.
Please refer to the original paper [29] for more details. At
each iteration, a population of CMA samples are drawn from
an underlying Gaussian distribution. In our case, a CMA
sample is a set of keyframes and their associated time. Each
CMA sample is used to control the robot in the simulation
and evaluated using eq.(3). The samples with lower fitness
values are discarded. The underlying Gaussian distribution is
updated according to the remaining good samples. With more
iterations, the distribution gradually converges to a better
region of the search space. After a maximum number of
iterations, we choose the best CMA sample and reconstruct
the optimal reference trajectory q̄(t).

of the actuator gains to be used in simulation calibration. By
focusing on actuator gains and COM’s, utilizing symmetry
of the robot, our simulation calibration needs to optimize 30
simulation parameters.
Once again we use the gradient-free CMA to optimize eq.
(4) due to the presence of contact changes in the transition
task and the complex interplay between the simulation results
and the simulation parameters. In this case, each CMA
sample is a candidate set of simulation parameters θ. To
evaluate each CMA sample, we set the parameters θ in the
physical simulator, simulate the robot movement, and then
evaluate the objective function eq. (4).

VI. S IMULATION C ALIBRATION

We evaluate our system on four tasks. Please watch
the accompanying video3 for the robot performance in the
simulation and in the real world.

Although the optimal reference trajectory q̄(t) can work
effectively in the simulation, it may fail in the real world.
One cause of this failure is the erroneous parameter settings
in the physical simulation, such as the mass, the moment of
inertia, the COM of each body segment, and the gains of the
actuators. Usually, simulation parameters are set according
to the specification of the robot. However, we find that many
of these specifications are inaccurate. For example, there is
about 40% of error in the total mass of our robot between
the open-source CAD file and our own measurement, which
highlights the importance of simulation calibration in our
system. We formulate an optimization that searches for
the simulation parameters θ to minimize the discrepancy
between the simulated results and the robot performance in
the real environment.
n Z
1 X T +1
θ = arg min
||q̃i (t) − qi (t; θ)||2W dt
(4)
n i=1 0
where q(t; θ) is the sequence of simulated robot states with
simulation parameter θ. The subscript i denotes that this
sequence is generated using the optimal reference trajectory
found in the ith iteration of the “trajectory optimizationsimulation calibration” loop. q̃i (t) is the real robot states2 by
executing the same reference trajectory. Note that q and q̃
here include both the joint angles and the global position and
orientation of the robot’s torso. W is a weight matrix, which
encapsulates the relative importance of each joint. In our
case, we use the same W among all the tasks and choose the
W to heavily penalize the difference in the torso orientation.
Although dozens of simulation parameters θ can potentially be optimized, we only focus on the most relevant
parameters to our tasks: changing postures and maintaining
balance. As such, we calibrate only the gains (kp , kd and
kc ) that are shared by all the actuators and the COM of
each body segment on the body frame because the actuator
gains are critical to posture change and the COM is vital to
balance. Note that although we have a process to identify the
actuator gains (Section IV-B), that simple experiment does
not give accurate results. Instead, it gives a good initial guess
2 We execute the same reference trajectory three times and average the
three sequences as q̃(t) in the robot experiments to smooth out the noise
and slight perturbations in initial conditions.

VII. R ESULTS

A. Experiment Setup
We use BIOLOID GP as our robot platform. The hardware
includes 22 degrees of freedom, 18 of which are controllable
by Dynamixel AX-12/AX-18 servos. The remaining six
degrees of freedom, indicating the torso position and orientation in the Cartesian coordinates, are unactuated. To control
the robot, a master program on the PC writes the reference
pose q̄ to the serial port connected to the robot. A slave
program that runs on the robot’s onboard microprocessor
listens to this port and sends the reference joint angle to each
actuator. At the same time, the robot performance data x̃ is
measured and sent back to the computer. BIOLOID GP has
limited sensing capabilities. It has one two-axis Gyro sensor
that we do not use. Instead, we glue four reflective markers
on the robot’s torso and use a VICON motion capture system
to measure global position and orientation of the torso. We
also read out the joint angles from the servos.
Our system is implemented in C++ and runs on a laptop
with a 2.6GHz quad-core CPU. We use DART to simulate
the physics. We find that all the tasks can be achieved
with symmetric lower body motions, which enables us to
reduce the dimensionality of the control space in trajectory
optimization. For each simulation calibration, we collect
three episodes of robot data by running the same reference
trajectory three times to average out the noise and other
possible perturbations. Each episode is approximately two
seconds. We use 32 samples per iteration and at most 50
iterations in CMA, which takes about 15 minutes to find an
optimal solution.
B. Rising from a Sitting Position
The first task is to rise from a chair (Figure 3). The initial
and the final poses q0 and q2 are shown in the leftmost and
rightmost images in Figure 3. The trajectory optimization
needs to search for an additional inbetween keyframe q1 , as
well as the time t1 and t2 of these keyframes.
We intentionally choose the initial pose such that the feet
are far from the projection of the robot’s COM on the ground.
3 https://dl.dropboxusercontent.com/u/36899427/iros2016LowRes.mp4

Fig. 3.

The results of the sit-to-stand task in the simulation and on the real robot.

Though simple, this experiment is a good test for dynamic
balance because the robot cannot simply track the extended
positions of knees and hips to rise; it would fall backward
immediately. Our method successfully computes a reference
trajectory that enables the robot to stand up in the simulation:
the robot first produces a forward momentum by quickly
leaning its upper body to the front. It then starts to extend
the hips and the knees at the moment when the COM is
moving towards the supporting feet.
When the computed trajectory is applied to the hardware,
the robot is able to rise successfully without the need of
simulation calibration. This shows that the “Reality Gap”
is not always a problem. Any proposed technique that
attempts to address the issue needs to be tested on sufficiently
challenging tasks in which the stability region is small and
accurate model parameters are critical.
C. Rising from a Leaning Position
In this task, the robot is required to rise from leaning on
the wall to a standing position (Figure 4). The hip joints are
initially bent and straightened out in the final configuration
while all other joints remain the same. The initial and final
poses are the only two keyframes for this task.

The goal of trajectory optimization is to find an appropriate time interval T between these two keyframes. This
one-dimensional problem largely simplifies the challenge
of trajectory optimization. However, without the simulation
calibration, the trajectory optimization fails to find any
solution that resulted in a successful rising motion. If the
time interval is too long (T > 0.11s), the virtual robot
does not accelerate sufficiently to rise. If the time interval
is too short (T ≤ 0.11s), the virtual robot tends to push off
the wall with a large force and fall forward to the ground.
When tracking the optimal trajectory with the highest fitness
value (T = 0.11s) in the real world, the robot also fails
to rise but in a different way from the simulation result.
That is, the robot fails to rise due to the lack of momentum,
while the virtual robot overshoots and falls forward in the
simulation. Figure 5 compares the trajectories of the robot’s
torso orientation in the simulation (blue curve) and in the
real world (red curve). After one iteration of simulation
calibration, the discrepancy is greatly reduced (Figure 5
green curve), and the optimal reference trajectory leads to
successful motion both in the simulation and in the real
world. This experiment only requires six seconds of robot
data.
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Fig. 4. The results of the lean-to-stand task in the simulation and on the
real robot.

Fig. 5. Comparisons of the robot’s global (torso) orientation over time in
the simulation (before/after calibration) and in the real environment.

Fig. 6.

Fig. 7.

The results of the kneel-to-stand task in the simulation and on the real robot.

The results of the stand-to-handstand task in the simulation and on the real robot.

D. Rising from a Kneeling Position
Figure 6 shows that the robot stands up from a kneeling
pose. Between the user-specified initial and final poses, the
optimal trajectory consists of two additional keyframes. The
robot first leans its upper-body backwards. As its COM is
moving to the back, it quickly bends the hip, flexes its ankles
and stands up without using hands for support. This task
requires precise timing and balance control and is a good
example for exposing the issue of model inconsistency. Our
initial simulator finds an optimal trajectory which succeeds
in the simulation, but is not able to transfer the success to the
real world. After one iteration and with six seconds of data,
the robot efficiently learns to rise from a kneeing position.
E. Flipping to a Handstand Position
We test our system with a challenging gymnastic action:
flipping to a handstand position from a standing pose (Figure 7). There are two unique challenges in this task. First,
the speed and the curvature of the initial arching motion is
crucial and only a narrow range of such speed and curvature
can lead to a balanced handstand. Second, the USB cable
that connects the robot to the computer will inevitably hit the

ground during the backflip and inject a strong perturbation
that is not modeled in our simulation.
With two iterations of simulation calibration and trajectory
optimization, our system finds a successful trajectory that
works both in the simulation and in the real world: The robot
arches back rapidly and lifts its feet after the arms touch the
ground. This example shows that our system can automatically design open loop reference trajectories for challenging
tasks, even with significant unmodeled perturbations.
VIII. D ISCUSSION
One important component of our system is the simulation
calibration. The results show that it is an effective strategy
to narrow down the Reality Gap, with a minimal number of
robot experiments. In all the examples, our method only requires at most two iterations of calibration (or approximately
12 seconds of robot data) to transfer the reference trajectory
to the real robot. This amount of robot data is far less than
those needed in typical system identification methods.
Similar to other system identification methods, the parameters optimized in the simulation calibration process may not
be the true physical parameters. For example, we observe that

TABLE I
G ENERALIZABILITY OF THE CALIBRATED SIMULATION
Tasks
I
II
III
I&II
I&III
II&III
I&II&III

I
Succeed
Fail
Succeed
Succeed
Succeed
Succeed
Succeed

II
Fail
Succeed
Fail
Succeed
Fail
Succeed
Succeed

III
Fail
Fail
Succeed
Succeed
Succeed
Succeed
Succeed

the simulation parameters optimized for the task of lean-tostand are different from those optimized for kneel-to-stand.
This could be caused by the errors from other simulation
parameters that we do not calibrate. This implies that the
calibrated simulator is fit to the current task and may not be
useful for a different task. Although this could be a problem
if the goal is to estimate the true physical parameters of the
system, it is not a problem in our case because our goal is
to find a reference trajectory for a specific task. In summary,
tightly coupling simulation calibration with a specific control
task makes it possible to efficiently use only a small amount
of robot data.
We perform two additional experiments to investigate
the generalizability of the calibrated simulator. In the first
experiment, we calibrate the simulation for one task (e.g.
lean-to-stand) and use it to optimize the reference trajectory
for a different task (e.g. sit-to-stand). The results can be
found in Table I. We refer Task I to Task III as lean-tostand, sit-to-stand, and kneel-to-stand respectively. The first
three rows show that the simulator optimized for a single
task cannot be generalized to other tasks in most cases.
In the second experiment, we calibrate the simulator with
multiple tasks (e.g. lean-to-stand and sit-to-stand). The last
four rows of Table I show that the generalizability across
Task I, II and III is greatly improved. Specifically, using
multiple training tasks to calibrate the simulator will improve
the generalizability, but only if the tasks are similar. For
example, Task IV (stand-to-handstand) is drastically different
from the first three tasks and can compromise the calibration
process if included in the training task set.
These experiments indicate that if we need to design
trajectories for a group of similar tasks, we may not need to
perform simulation calibration for each task independently.
It is possible that after calibrating the simulator for a small
set of tasks, the reference trajectories of the remaining tasks
can be optimized in simulation without further calibration.
IX. C ONCLUSION
We have presented a complete pipeline to automatically
design open loop reference trajectories for robots. The solution consists of a set of powerful computational tools:
physical simulation, trajectory optimization and simulation
calibration. Our method enables efficient reference trajectory design for a humanoid robot to achieve four different
tasks: lean-to-stand, sit-to-stand, kneel-to-stand and stand-tohandstand.
There are two avenues for future work. First, we will
include more simulation parameters in simulation calibration.

Fig. 8. The mapping between q − q̄ and U for an AX-18 actuator [33].
The x-axis is q − q̄ while the y-axis is U .

In this paper, we have shown that adjusting the COM and
the actuator gains are enough for our needs, but other simulation parameters might also be important for other tasks.
A potential issue of including more simulation parameters is
the increased risk of overfitting. Performing some automatic
prioritizing and selection on candidate parameters would be
a promising future research. Second, we believe that our
system can be generalized to control other types of motions,
such as walking, biking or more challenging gymnastic
stunts. In these tasks, feedback control is necessary. In the
future, we plan to extend our system to include feedback
control and test it on a wider range of tasks.
APPENDIX
In this Appendix, we derive the actuator model (eq.(2))
from the specifications of the Dynamixel AX-18 servo (Figure 8). The servo maps the difference between the desired
and the actual joint angle q − q̄ to the power level U .
The intervals A and D determine the proportion gain for
counter-clockwise and clockwise motions respectively. B and
C are the compliance margins, which are thresholds below
which the servo stops outputting any torque. E, the punch,
is the minimum power level before the servo shuts down. In
practice, we set A and D the same. In addition, since B, C
and E are much smaller than A or D, we ignore their effects
and approximate
S S theSmapping as linear within the intervals
q − q̄ ∈ A B C D with the slope ke :
U = ke (q − q̄)
To derive the relation between the power level U and the
output torque τ , we adopt a model for the ideal DC motor
[34]. It is a valid assumption because the AX-18 servos use
high-quality DC motors. Considering the power balance in
the motor at a constant voltage U:
Pelectric = Pmechanic + Pheat

(5)

The electrical power Pelectric can be decomposed into the
mechanical power Pmechanic and the heat Pheat . From
eq.(5), we can get the following relation:
U I = q̇τmotor + RI 2

(6)

where I is the current and R is the motor winding resistance.
In an ideal DC motor, the torque is linearly proportional

to the current τmotor = kτ I. Plugging it into the above
equation, we have:
U = kτ q̇ +

R
τmotor
kτ

(7)

where kτ is the torque constant. The total torque τmotor is
the sum of the output torque τ that drives the motor shaft
and the frictional torque τf inside the motor:
τmotor = τ + τf

(8)

The friction torque can be further divided into viscous
friction and Coulomb friction [34]:
τf = kv q̇ + kc sgn(q̇)

(9)

where kv and kc are friction coefficients for the viscous and
Coulomb friction respectively. sgn(x) is the sign function
that equals 1 if x is positive, -1 if negative and 0 otherwise.
Combining eq.(7), (8) and (9), we get the actuator model:
kτ ke
k2
(q − q̄) + (−kv − τ )q̇ − kc sgn(q̇)
R
R
= −kp (q − q̄) − kd q̇ − kc sgn(q̇)

τ=

where kp = − kτRke and kd = kv +

kτ2
R

.
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[30] J.-c. Wu and Z. Popović, “Terrain-adaptive bipedal locomotion
control,” ACM Trans. Graph., vol. 29, no. 4, pp. 72:1–72:10, July 2010.
[Online]. Available: http://doi.acm.org/10.1145/1778765.1778809
[31] J. M. Wang, D. J. Fleet, and A. Hertzmann, “Optimizing walking controllers for uncertain inputs and environments,” ACM Trans. Graph.,
vol. 29, no. 4, pp. 73:1–73:8, July 2010.
[32] J. Tan, Y. Gu, C. K. Liu, and G. Turk, “Learning bicycle stunts,” ACM
Trans. Graph., vol. 33, no. 4, pp. 50:1–50:12, July 2014.
[33] AX-18F/Ax-18A e-Manual, 1st ed., ROBOTIS.
[34] M. Schwarz and S. Behnke, “Compliant robot behavior using servo
actuator models identified by iterative learning control,” in RoboCup
2013: Robot World Cup XVII, 2013, pp. 207–218.

